A systematic theoretical approach is presented, in an effort to provide a complete and illuminating study on motion of a rigid body rotating about a fixed point. Since the configuration space of this motion is a differentiable manifold possessing group properties, this approach is based on some fundamental concepts of differential geometry. Α key idea is the introduction of a canonical connection, matching the manifold and group properties of the configuration space. This is sufficient for performing the kinematics. Next, following the selection of an appropriate metric, the dynamics is also carried over. The present approach is theoretically more demanding than the traditional treatments but brings substantial benefits. In particular, an elegant interpretation is provided for all the quantities with fundamental importance in rigid body motion. It also leads to a correction of some misconceptions and geometrical inconsistencies in the field. Finally, it provides powerful insight and a strong basis for the development of efficient numerical techniques in problems involving large rotations.
INTRODUCTION
The study of rigid body motion has been in the epicenter of many previous investigations due to both the great theoretical importance and the large practical significance of the subject. The main objective of this work is to present a new look into the old but practically significant and still challenging mechanics problem of finite rotations, based on sound geometrical concepts. These concepts are known in the mathematics and physics literature for a long time. However, with a few exceptions (e.g., [1, 2] ), they are still not fully explored by the engineering community, despite their large value and usefulness. Here, an effort is made to use these concepts in order to create a clear and complete geometrical picture of large rigid body rotation. In this way, more light is thrown into the meaning of some of the most commonly employed quantities in describing rigid body motion. This, in turn, provides an alternative view and better interpretation of the related formulas employed frequently in the classical engineering literature. At the same time, this helps to identify and correct some common misconceptions in the field and achieve another objective of the present work. The latter refers to providing the means for building a reliable theoretical basis for developing better and more effective numerical integration methodologies for studying and investigating dynamics of single or multiple rigid bodies (e.g., [3] [4] [5] ).
The geometrical route chosen in the present study deviates significantly from that taken in previous studies of mechanics problems. In those studies the underlying manifold is assumed to possess a Riemannian structure from the outset. A typical path is to introduce a set of coordinates and employ a natural coordinate basis in order to define a metric and then produce a metric compatible connection, having as components the classical Christofell symbols [6] . Usually, the same route is also chosen even for dynamics problems [7] . However, a more primitive and natural path is more beneficial and followed in this work. Namely, after creating the manifold corresponding to the configuration space of the motion, a connection operator is first established in an appropriate manner. This proves to be sufficient for performing a complete study of the kinematics. A canonical connection is selected [8] , so that one can fully exploit the benefits associated to matching the special curves related to the manifold and the group properties of the configuration space. Then, a study of the dynamics requires the introduction of a metric. In this work, a suitable metric is chosen, which is not compatible with the connection, but allows for a complete, simple and concise treatment of the dynamics.
The classical treatment of spherical motion is briefly summarized in the following section. Then, some useful concepts of differential geometry are presented in Sect. 3. In the fourth section, rigid body kinematics is examined, based on the geometry of an appropriate three dimensional manifold. The basic properties of this manifold are extracted by the special orthogonal group (3) SO . Then, a suitable metric is introduced in Sect. 5, providing a useful tool for examining the dynamics of a rigid body. Finally, the most important conclusions are summarized in the last section. 
A SUMMARY OF THE CLASSICAL APPROACH
Then, the position vector of an arbitrary point of the body is
where i x and i X represent the components in the spatial and body frame, respectively. Adopting the notational convention of dropping the sum operator for products involving repeated indices [11] , the last relations can be rewritten as
Next, if the components of the transformation ℜ in the basis B are expressed by matrix R , that is
, then, Eq. (1) can be rewritten in the form
Therefore, from Eqs. (1) and (2) one gets ( )
Then, employing the rigidity assumption of the body leads to
where I is the 3 3 × identity matrix. This implies that ( ) R t is orthogonal. Moreover, it easily turns out that the matrix
is skew-symmetric (as indicated by ∼ ), with general form
The corresponding axial vector associated with Ω ɶ is 1 2 3 ( ) ( )
In a similar manner one can show that

T R R I
= and by differentiation obtain the new skewsymmetric matrix
Therefore, combination of Eqs. (4), (5) and (7) yields
Next, direct differentiation of Eq. (3) with a simultaneous application of Eqs. (7) and (8) yields
E. Paraskevopoulos and S. Natsiavas Finally, Eqs. (7), (8) and (4) lead to
After establishing the kinematics, one can evaluate all the quantities needed in dynamics. First, the (convective) angular momentum of the body relative to the origin O is obtained by
where
is the mass moment of inertia matrix of the body with respect to the origin O [9] . Then, the dynamics of the rigid body is expressed by Euler's law in the form
where O M are the body components of the resultant external moment about O [9] . Finally, by performing straightforward operations the kinetic energy of the motion is found in the form
SOME ELEMENTS OF DIFFERENTIAL GEOMETRY
The set of orthogonal matrices ( ) R t introduced in Sect. 2 forms a Lie group. Specifically, each matrix ( ) R t represents a point in the space of 3 3 × matrices, coinciding with the Euclidean space 9 ℝ . Considering the orthogonality condition (4), this point lies οn a three dimensional subset of 9 ℝ [12] . Since these conditions are nonlinear, this subset is not a vector subspace of 9 ℝ but it forms a three dimensional manifold, instead, which can be viewed as a surface in 9 ℝ . In addition, since composite rotations are represented by products of orthogonal matrices [13] , which are also orthogonal matrices, this subset is a Lie group, having as product the matrix multiplication and as identity element the 3 3 × identity matrix I . Moreover, since (0)
R I
= , its determinant at t =0 is equal to +1 and because there can occur no jump to the value -1 during the subsequent motion, this matrix belongs to the special orthogonal group of order three, denoted by (3) SO . Lie groups present some extra mathematical structure. For instance, if g and h are elements of a Lie group G , then one can define the left translation by g through the mapping
Likewise, the right translation by g is defined as a mapping 
represents the image curve of ( ) h t on G , obtained with a left translation by g . The velocity vector of ( ) 
Moreover, if v is a left invariant vector field on G , then 
Direct comparison of the last result with (19) yields
Left or right translation on a Lie group is important in the study of its one parameter subgroups. These are specific curves, satisfying the group homomorphism
It can be shown that the most general monoparametric subgroup of G must pass from the identity element e and is determined by the exponential map, with
It can also be shown by using Eq. (21) that
which reveals that the one parameter subgroup of G , with tangent vector (0) g′ at the identity, coincides with the integral curve through the identity of the vector field, which results by a left translation of (0) g′ over all of G . Given a Lie group G , one can construct its Lie algebra. This consists of the vector space e T G , equipped with a special operator, known as Lie bracket [10] 
In fact, it has been proved that there exist three such canonical connections [8] . The first two of them, known as left and right invariant canonical connection, are defined by
where L X and R X is a left and a right invariant vector field, respectively, extending an element X of the tangent space at a point of a Lie group G to all of G , while Y is a vector field on G . Finally, a symmetric canonical connection is defined by 1 2 [ , ] [12] [
L e e e e L e e L e e e p e p * * * = = .
By using the definition of the structure constants 
Also, the Lie bracket of the vector fields X and Y is given by
Then, if both X and Y are left invariant vector fields on G
Therefore, since the quantity
remains constant everywhere on the manifold, this shows that the Lie bracket of two left invariant vector fields is a new left invariant vector field. In a similar manner, if X is a left invariant vector field while Y is a right invariant vector field on G , it can be shown that their Lie bracket vanishes identically [12] , that is
Then, it becomes apparent from Eq. (29) that
for any right invariant vector field Y on G . This means that the parallel translation of a vector on a manifold equipped with a left invariant canonical connection is equivalent to a right translation of it. Next, by employing the definition of the left invariant canonical connection one arrives at 
It can be shown [14] that the affinities and the structure constants provide the components of the torsion tensor through
Therefore, direct comparison of (32) with Eq. (31) reveals that
Consequently, by substitution in ( 
This implies eventually that
On the other hand, direct evaluation shows that the curvature tensor is non-zero.
For a Lie group, the choice of a canonical connection is a natural way to match the special integral curves associated with its properties as a manifold and as a group. Specifically, by definition the structure constants are anti-symmetric [12] . Consequently, Eqs. (34) and (35) reveal that the canonical connections considered lead to anti-symmetric affinities, satisfying Eq. (40). Then, it can be shown that the tangent vector at each point of an autoparallel curve has constant components on a local frame produced by a left translation. Therefore, each canonical connection relates the affinities c of the basis, so that the one parameter Lie subgroups and the curves resulting by their left translation (which are related to the group properties only) coincide with autoparallel curves (which are related to the manifold properties only). These results have remarkable implications in rigid body kinematics and dynamics, examined in the following two sections.
RIGID BODY KINEMATICS USING LIE GROUPS
In this section, spherical motion is reconsidered, by employing concepts of differential geometry. A new manifold is introduced, drawing its basic properties through a group representation on the classical 
Introduction of a new manifold M(3)
A new manifold is introduced for the description of rigid body rotation. This manifold belongs to the same abstract group as (3) SO , but possesses different geometrical properties. For this reason, this manifold is named (3) M . Next, the emphasis is placed in identifying its critical geometrical properties.
First, the orientation of a rigid body can be represented by a point, say p , on (3)
M
. After choosing an appropriate local coordinate system, each point on (3) M is described by three coordinates (or rotation parameters). Then, the spherical motion of a rigid body can be viewed E. Paraskevopoulos and S. Natsiavas as a motion of a point on a single parameter curve, say ( ) :
. Moreover, the angular velocity of the body is expressed by the tangent vector to ( ) A useful concept in detecting changes of a vector field ( ) v t on (3) M is the covariant differential of this field along the direction of vector w [12] . This quantity is determined by
t e t w t e t
In particular, a parallel translation of vector v along the curve ( ) t γ , with tangent vector w , is defined by 0 0
This represents a set of three coupled linear ordinary differential equations in ( ) First, in the particular case with v w n = ≡ , satisfaction of the condition of parallel translation leads to special curves on the manifold, known as autoparallel curves [15] . If, in addition, the affinities of the connection are anti-symmetric, as in Eq. (36), it can be shown that the components of the tangent vector ( ) n t to the autoparallel curve in the local frame remain constant on the whole curve. That is 
the parallel translation of any vector ( ) u t of (3) p T M along the autoparallel curve of (3) M connecting point ( ) p t to any other point of (3) M is described by the following system 
Simple inspection verifies that Eq. (40), together with condition (36), can be fulfilled simultaneously, indeed, provided that the non-zero affinities take the following constant values 
on all of (3)
M
. Therefore, there appears the need for the selection of an appropriate nonnatural basis. Since 
t B t u t u t A t u t
This vector belongs to 
T M at any time t . Finally, note that there exist several closed form expressions for matrix ( ) A t in terms of rotation parameters. Among them, the most commonly known is probably the Rodrigues formula 
where ( ) n spin n = ɶ and n is the vector of (3) m which is tangent to the autoparallel curve starting from the identity e and passing from point q of (3) M . Based on (54), the components of q depend on the parameters s and n . Therefore, the quantity ( , ) ( ( , )) Q s n q s n = Φ ɶ
represents a 3 3 × exponential matrix. Since matrix Q is orthogonal, it is an element of 
which verifies that Φ maps the identity element e of (3) M to the identity element I of (3) SO . This information is enough to determine the tangent mapping of Φ at the identity point e of 
while the tangent mapping of Φ at an arbitrary point q of (3) M is obtained in the form 
